Introduction
Let U be a self-adjoint operator on the complex Hilbert space H, ·, · with the spectrum Sp U included in the interval m, M for some real numbers m < M and let {E λ } λ be its spectral family. Then, for any continuous function f : m, M → C, it is well known that we have the following spectral representation in terms of the Riemann-Stieltjes integral: 
2.3
Integrating by parts in the Riemann-Stieltjes integral and utilizing the spectral representation 1.1 , we have
which together with 2.3 and 2.2 produce the desired result 2.1 .
The following vector version may be stated as well. 
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f M 1 H − f A f A − f m 1 H x, y f M − f m M m−0 E t − 1 f M − f m M m−0 E s df s x, E t − 1 2 1 H y df t ,
2.5
for any x, y ∈ m, M .
The following result that provides some bounds for continuous functions of bounded variation may be stated as well. 
2.6
for any x, y ∈ H. 
Proof. It is well known that if
p : a, b → C is a bounded function, v : a, b → C is
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Utilising this property and the representation 2.5 , we have by the Schwarz inequality in Hilbert space H that
for any x, y ∈ m, M . Since E t are projections, in this case we have
then from 2.8 , we deduce the first part of 2.6 . Now, by the same property 2.7 for vector-valued functions p with values in Hilbert spaces, we also have Since 0 ≤ E t ≤ 1 H in the operator order, then 
2.11
for any x, y ∈ H. Now, on applying this property of the Riemann-Stieltjes integral, then we have from the representation 2.5 that
Proof. Recall that if p : a, b → C is a Riemann integrable function and v : a, b → C is Lipschitzian with the constant L > 0, that is,
2.14 for any x, y ∈ H and the first inequality in 2.11 is proved. If we use the vector-valued version of the property 2.13 , then we have
for any x ∈ H and the second part of 2.11 is proved. Further on, by applying the double-integral version of the Cauchy-BuniakowskiSchwarz inequality, we have 
2.18
for any x ∈ H. 
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we also have that
for any x ∈ H, which proves the last inequality in 2.11 .
The case of nondecreasing monotonic functions is as follows. 
2.23
for any x, y ∈ H.
